
Ergodic Theory and Measured Group Theory
Lecture 9

Detour into compact realizations of a transformation .

Theorem
.
The shift transformations on (E)

"V
is universal in the

sense tht
every Bored transformation on a st

. Borel

space ✗ equivariant, Borel embeds into the shift
,
i.e.

7 Borel Y :X ↳ 12N)"Vs.f. 40T = soil
.

Proof
,
let T be a Borel transformation au a st

.
Band ✗

.

Even without using the Borel ison. theorem
,
one can

show tht J Bout ✗ ↳ 2
'"

as follows : Fix Caine,µ cthl

collection of Bond sets generating BK) al map ✗ ↳ 21N

by ✗ l→lIu¥ueµ .

This is easily seen to be Borel
.

Thus
,
WLOh

,
X : - IN

, Map each ✗c-2W✗

to ITH
new . This works.

toe
. Ay Borel transformation T on a st

. prob . space IX. d) is measure-

isomorphic to the shift transformation on ✗ "VYN with some Borel

prob . areas .

Proof
. let 4 : ✗ ↳µ)

"V
be a Bout embedding . let u : --4*9



i. e. v1 B) = v14" / B)) b- BEG "Y
"! Then up to ar- and

ht
,

4 is a Borel bijection , hence Bowl ison
. by the

Latin-Souslin then team DST
.

Countable groups (
wahined) . Linear groups : Glu 174

:= all invertiblematriceswith integer coefficients at =/ 0 determinant (hence
diet -_ IN

,
i.e. when acting on IR

"

,
then we value-

preserving transformation, lie . measure - preserving) .
Slutz) = all matrices in Glatt) but let -1

,
i. e.

preserve orientation
.

Sofa) := norm - preserving matrices
,
i.e. orthogonal .

Wreath products . let A al T be ctbl groups . Denote :

Aia := ④ A :-| (ar) yep C- At : "pplarlgepii
p

finite} , in particular , AI is a dbl group .

For example , A :=ZGz I T :=Z then AI is
all finitely - supported binary bi - infinite several .

f- ALL by shift : A. lair, , := lander
(or lag -:o) rep , both are left actions) . thus Afa XP
ii. defined by this shift action at is call the bestrided)



flwv
Wreath product of A al T

,
ad denoted by Ali .

For the exwple above of A := 212¢ I P := 2 ,

the wreath product 742¢12 is called the lamplighter
group . This is because her any ✗ c- (Zzz)?

,

at

xi-1g.i@zzP.i.e. Xo ' = 00 01 000 0
. . .

,

then
- i

. -2 - I 0 I 2 3 . -

-3 -2 -1 0 I 2 3
Ix , 1) • 1×0,0) = lxtslxo

,
1) = • • • • • • •

9i→¥ switches on/off
.

The canonical generating
set is 41×0,01 , 10,11} .
The corresponding Cagley
graph is this :

Group actions . The rotation action of 2 hg sane angle on S'
.

the odometer action (homework) of 2 on 2
"!

The shift action of
any

ctbl
gp

T on X
"

,

where ✗ is
any st . Borel space , e.g. ¥2 .

Frei
,
8- trap := ( ✗ihrer .



If u is a Borel prob. measure on ✗ I A- V1?
then the shift action is M- preserving . This action
is called the Bernoulli action

.

Remark
.
the shift action T → (2"Y

"

is universal

awe -

ng
all Baul actions of T

.

Def
.
i^X

,
here tis dbl d ✗ is st. Borel

,
is called a Borel

action if each JET acts as a Bowl liavertible)transformation
.

More exaples . Soul → S"" by rotations is pap , where

the measure is the Lebesgue measure through the
identification S

"" -5 Ioi)
"?

Glatz)→ IT
"
:-. 1RYzh by first acting on 112 "

as usual luchino multiplication ) then taking nod 1
.

this is measure
-

preserving bean def = It
,

Read Kt Fd
,
den

,
denotes the free group

on d generators 5.f- ai , ai , -yad} . The boundary
of Fa is 9 Fd := all reduced infinite words

,
i.e.



sequences (Sn)new ,
where Su C- S"

,
s.t.su =/ sit , Ku .

Define the natural notion of Ed o_0 Fd by
concatenating at reducing , i. e. two Fd at xedlfd,
w - ✗ = reduced (wx) . For eagle , fer IF

,
:-<ab >

,

✗ :-. abba" baits" .
. .

ab
"
. ✗ = ab"×

b-
'
a
"
- ✗ = ba" ba" b

"

.
. .

a-
'

• ✗ = bbaatba-15!
.
.

= sad
.

let's define a measure oh 011=2 .
It's enough to define it

on basic dope sits Iw] := 1×1-0115 : ✗ begins with W}
,

WE 11=2 . A prob. measure on 011=2 can be given by a
e- finite measure on ttz it . Eweiyhtslw 's)= weight to) ,

w
-

Stitz
where s ranges over

Stl
.

For the first letter
,
we give it, prob. each ,

"*¥j%."" and each next letter Y
} prob . Thus , we

☒ 1-
•
-

I
-

a"

g.
a get the wivfovm prob. on the set of all

I ul reduced words of leagth u
,
for fixed u

.

Think of this as a woolsack tracking random walk
.

Denote this measure on 01h by Nu ("u " for uniform) .
One can show tht he is shift - invariant

,
but it's not



invariant under the action of Fz
.

Indeed
,
Malia)= 'T ,

a-
'
. [a] = deal [a"] = (a) V1b) Vfb

"] has measure } .
This is a nice couple of a non - pimp action of 11--2 .

Exercise
.

Show tht 11=2^014 is free f- a. e.
,
here free

means V- VE IF
>
,

T has no fixed point in Ott , so
oh

,

- a.e. free is equiv . to Fixed Pt / y ) being Ma -null

for eah YEP
.


